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Introduction 

In this paper we study the global structure of projective threefolds X whose anticanonical 
bundle —Kx is nef. In differential geometric terms this means that we can find metrics 
on — Kx = detTx (where Tx denotes the tangent bundle of X) such that the negative 
part of the curvature is as small as we want. In algebraic terms nefness means that the 
intersection number —Kx • C > for every irreducible curve C C X. The notion of nefness 
is weaker than the requirement of a metric of semipositive curvature and is the appropriate 
notion in the context of algebraic geometry. 

In [DPS93] it was proved that the Albanese map a : X — ► Alb(X) is a surjective sub- 
mersion if — Kx carries a metric of semi-positive curvature, or, equivalently, if X carries a 
Kahler metric with semipositive Ricci curvature. It was conjectured that the same holds 
if — Kx is only nef, but there are very serious difficulties with the old proof, because the 
metric of semi-positive curvature has to be substituted by a sequence of metrics whose 
negative parts in the curvature converge to 0. The conjecture splits naturally into two 
parts: surjectivity of a and smoothness. Surjectivity was proved in dimension 3 already 
in [DPS93] and in general by Qi Zhang [Zh96], using char p. Our main result now proves 
smoothness in dimension 3: 

Theorem. Let X be a smooth projective threefold with —Kx nef. Then the Albanese map 
is a surjective submersion. 

Actually much more should be true: there should be a splitting theorem : the universal 
cover of X should be the product of a euclidean space C m and a simply connected compact 
manifold. Again this is true if X has semipositive Ricci curvature [DPS96]. 

The above theorem should also be true in the Kahler case. Surjectivity in the threefold 
Kahler case is proved in [DPS97], in higher dimensions it is still open. Concerning smooth- 
ness for Kahler threefolds, our methods use minimal model theory, which at the moment 
is not available in the non-algebraic situation. 



We are now describing the methods of the proof of the above theorem. First of all notice 
that we may assume that Kx is not nef, because otherwise Kx would be numerically 
trivial and then everything is clear by the decomposition theorem of Beauville-Bogomolov- 
Kobayashi, see e.g. [Be83] . Since Kx is not nef, we have a contraction of an extremal ray, 
say tp : X — ► Y. The Albanese map a factorises over <p (of course we assume that X has at 
least one 1-form). If dim!" < 3, the structure of <p is well understood and we can work out 
the smoothness of a using the informations on (p. So suppose that (p is birational. It is easy 
to see [DPS93] that ip has to be the blow up of a smooth curve C C Y. If — Ky is nef, then 
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we can proceed by induction on b<i (Y). This is almost always the case, but unfortunately 
there is one exception, namely that C is rational with normal bundle 0{— 2) © 0(—2). 
This exception creates a lot of work; the way to get around with this phenomenon (which 
a posteriori of course does not exist!), is to enlarge the category in which we are working. 
Needless to say that we have to consider threefolds with Q— factorial terminal singularities; 
shortly called terminal threefolds. 

We say that — Kx is almost nef for a terminal threefold X, if —Kx • C > for all curves C 
with only finitely many exceptions, and these exceptions are all rational curves. Now in our 
original situation — Ky is almost nef. So we can repeat the step; if the next contraction, 
say ip : Y — > Z, is again birational, then — Kz will be almost nef. If dimZ > 2, we can 
construct a contradiction: ip must be a submersion and — Ky is nef. 

Performing this program, i.e. repeating the process on Z if necessary, we might encounter 
also small contractions (contracting only finitely many curves). Then we have to perform a 
flip and fortunately this situation is easy in our context, the existence of flips being proved 
by Mori. Since there are no infinite sequences of flips, we will reach after a finite number of 
steps the case of a fibration X' — > A and at that level the Albanese will be a submersion. 
Now we still study backwards and see that we can have blown up only a finite number of 
etale multi-sections over A in case dim A = 1 and that X = X' if dim A = 2. 

In the last section we treat the relative situation: given a surjective map n : X — > Y of 
projective manifolds such that —K x \y is nef, is it true, that tt is a submersion? 

Our main theorem is of course the special case that Y is abelian and 7r the Albanese map. 
We restrict ourselves again mostly to the 3-dimensional case and verify the conjecture in 
several special cases. We also show that in case dim!" = 2, we may assume that Y has 
positive irregularity but no rational curves. However, to get around with the general case, 
we run into the same trouble as before with the exceptional case of a blow-up of a rational 
curve with normal bundle 0(—2) © 0(—2). Hopefully this difficulty can be overcome in 
the near future. 

To attack the higher dimensional case however, it will certainly be necessary to develop 
new methods. 

We want to thank the referee for very useful comments and for pointing out some inaccu- 
racies. 

This paper being almost finished modulo linguistical efforts, the second named author 
died in february 1997. Although we have never met personally, the first named author will 
always remember and gratefully acknowledge the fruitful and enjoyable collaboration by 
letters and electronic mail. 
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0. Preliminaries 



(0.1) Let X be a normal projective threefold. 

(1) X is terminal if X has only terminal singularities. 

(2) We will always denote numerical equivalence of divisors or curves by = . 

(3) A morphism cp : X — > Y onto the normal projective threefold Y is an extremal 
contraction (or Mori contraction) if — Kx is <p— ample and if the Picard numbers 
satisfy p{X) = p(Y) + 1. 

(4) We let N 1 (X) be the vector space generated by the Cartier divisor on X modulo = 
and Ni(X) the space generated by irreducible compact curves modulo = . 

(5) Moreover ~NA(X) C N 1 ^) is the (closure of the) ample cone, and ~NE(X) C Nx(X) 
is the smallest closed cone containing all classes of irreducible curves. 

In the whole paper we will freely use the results from classification theory and Mori the- 
ory and refer e.g. to [KMM87] , [Mo87] , [MP97] . The symbol X Y signifies a rational 
morphism from X to Y. 

(0.2) A ruled surface is a Pi— bundle S over a smooth compact curve C. It is given as P(E) 
with a rank 2-bundle E on C. We can normalise E such that H°(E) ^ but H°(E®L) = 
for all line bundles L with negative degree. We define the invariant e of S by e = — c\{E). 
A section of E defines a section Cq of S — ► C with Cq = — e. For details and description 
of ~NA(S) and NE(S) we refer to [Ha77,chap.V.2]. Note that E is semi-stable if and only 
ife<0. 

(0.3) Let X be a normal variety with singular locus S. Let Xq = X \ S with injection 
i : Xq — > X. Let S be a reflexive sheaf of rank 1 on X. Notice that S is locally free on 
X . Let m be an integer. Then we set = z*((S|X )® m ). 

0.4 Proposition Let X be a smooth threefold, C a smooth curve and it : X — >■ C a 
smooth morphism and such that —Kp is nef for all fibers F of it and such that F is not 
minimal. Then there exists an etale base change a : Y = X D — > D induced by 
an etale map D — > C, and a smooth effective divisor S C Y such that the restriction 
a\S : S — >■ D yields a Pi — bundle structure on S, and SnF is a (— 1) — curve in F for all 
F. Hence Y can be blown down along a\S. 

Proof. First note that all non-minimal surfaces F with — Kp nef are isomorphic to the 
plane P2 blown up in at most 9 points in sufficiently general position [CP91]. Fix an 
ample divisor H on X. Pick a fiber F of it and take a (—1) -curve E C F such that H ■ E 
is minimal under all (—1)— curves in F. It follows immediately that the normal bundle is 
of the form 

N E]X = 0®0{-1). 

By the general theory of Hilbert schemes it follows that E moves algebraically in a 1- 
dimensional family, i.e. there exists a projective curve B and an irreducible effective 
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divisor M C X x B, flat over B, such that M n (X x 0) = E, identifying X x with X. 
We let 

E t = M D (X x t) 

and shall identify X with X x t. 

Claim 1 Every E t is a ( — 1)— curve in some fiber F' of tt. 

It is clear that E t has to be a Cartier divisor in some fiber F' (consider the deformations 
of the line bundle Of(E)). In particular every E t is Gorenstein and Cohen-Macaulay and 
does not have embedded points. Observe next that 

-K x ■ E t = -K x ■ E = 1. 

If —Kp is ample for every F, then we deduce that Et is irreducible and reduced and by 
flatness that E t — Pi. Hence E t is a (— l)curve in F' . If — Kp is merely nef, we need to 
be more careful. Assume that some E to is reducible. Write 

Et = ^ ciiCi 

with irreducible curves Cj. Since —K F > is nef, we conclude (after renumbering possibly) 
that 

a = 1, -K F t ■ C = 1 

and that 

—Kpi -Ci = 0,i>l. 

We claim that H 1 (O Et0 ) = and therefore that all Cj are smooth rational curves. One is 
tempted to argue by flatness, however it is not completely clear that h°(C>E H) ) = 1, since 
E to might not be reduced. So we argue as follows. Consider the exact sequence 

H\O f .) — H\O e J — ^ 2 (X St0 ). 

Since F' is rational, it suffices to see 

H 2 (1 E J=0. (*) 

Note that 

H 2 iT Eto ) ~ H°(F', O(E t0 ) <S> u>f')- 

Now F' is realised as blow-up of P2 in 9 points. Therefore it makes sense to speak of a 
general line in F'. Take such a general line / in F' . It can be deformed to a general line l s 
in a neighboring F s . Now for general s we have 

(K Fs +E s )-l s <0 

where E s is one of the (—1)— curves in our family sitting in F s . Therefore 

(K F , + E to ).l<0 
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proving (*). We conclude in particular that C is a (—1)— curve in F' and the Cj,z > 1, 
are (—2)— curves. We claim that B is smooth at to. For this we need to know 

h\N Etolx ) = 0. 

This comes down to 

h\N EtolF ,)=0 
since ^(Oe^) = 0. By H q (0 F >) = 0, q > 1, we must prove 

h 1 (O F .(E to )) = 0. 

If this would not be true, then by x(@F'(E to )) = 1, E to would move inside F'. Any 
deformation of E to must have however the same type of decomposition, so that necessarily 
some of the Ci would have to move in F' which is absurd. 

Now we look at the deformations of Cq and obtain a family (C s ) se A. For a small neigh- 
borhood A C B of to the curve Et is in 7r _1 (t) (strictly speaking there is a canonical map 
/ : B — > C, and /|A is an isomorphism, so that we can identify t and f(t) for small t). In 
the same way, C t C 7r _1 (t). Therefore we can consider the (non-effective) family of cycles 
(E t - C t ) teA so that 

Et — Co = ^ ciiEi. 

i>i 

By the choice of E t , H ■ E t is minimal for general t, therefore H ■ E t < H ■ C t and we 
conclude 

i>i 

and therefore = for i > 1 so that E is irreducible and reduced. 
This proves Claim 1. 

Claim 2 Let Z = pr x (M) C X. Then Z fl F' is a reduced union of (—1)— curves and the 
number is independent of F' . 

In fact, the first part (reducedness) is immediate from Claim 1 (if a (—1)— curve E in a 
fiber appears with multiplicity m > 2 in Z fl F, then could be deformed itself to the 
neighboring fibers. This contradicts clearly the smoothness of B). The independence of 
the number follows also from the smoothness of B. 

In other words, Claim 2 says that / : B — ► C is etale. So set D = B, Y = X D and 
define S to be the irreducible component of Z x c D mapping onto Z. 

(0.5) Remark. In (0.4) we used the nefness assumption for —Kx only to make sure that 
(-l)-curves in fibers can only be deformed into (-l)-curves in fibers. If we know this for 
some other reason, then the conclusion of (0.4) remains true. 

The next proposition should be well-known and hold in more generality; however we could 
not find a reference, so we include the short proof. 
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(0.6) Proposition Let X be a terminal Q-factorial threefold and et tp : X — > Y be the 

contraction of an extremal ray. Assume that ip contracts a divisor E to a curve C. Assume 
that Y is smooth and C is locally a complete intersection. Then p is the blow-up of C in 
Y. 

Proof. Let N be the singular locus of C and N = ip~ 1 (N). Then N is purely 1-dimensional 
or empty since E is irreducible. Let n : X' — ► Y be the blow-up of Y along C with 
exceptional set E' . Since C is locally a complete intersection, we have E' = P(A/^)- Thus 
N' = tt*(N) is purely 1-dimensional or empty, too. Since <p is generically the blow-up of C, 
we have an isomorphism X \ N — >■ X' \ N'. We next observe that X' is normal. Locally 
(in Y) we have X' C Y x P l5 since Y is smooth. Hence X' is Cohen-Macaulay. On the 
other hand, 

dimSing(X / ) < 1. 

In fact, up to a finite set, Sing(X') C 7r- 1 (Sing(C)). Now all non-trivial fibers of 7r are 
(smooth rational) curves, hence dimSing(X') < 1. 

Putting things together, X' is normal. By [Ko89,2.1.13] we have X ~ X' unless N' has 
an irreducible contractible component which is of course absurd. 



6 



1. Fiber spaces 



1.1 Definition Let X be a normal projective variety and L a line bundle on X. Then L 
is called almost nef if there are at most finitely many rational curves Ci, 1 < i < r, such 
that L ■ C > for all curves C ^ Q. 

1.2 Proposition Let X be a terminal n-fold with —Kx almost nef. Then k(X) < 0. 
Moreover the following three statements are equivalent. 

(a) k(X) = 

(b) K x =0 

(c) Kx is nef 

Proof. The first assertion is clear. 

If k(X) = and if K x ^ 0, then there exists a non-zero D e \mK x \ for some positive m. 
Hence —Kx cannot be almost nef. 

If Kx is nef, then Kx ■ C = for all but finitely many curves. In particular we have 
Kx ■ Hi ■ ... ■ H n -i = for all ample Hi on X. Therefore Kx = 0, see e.g. [Pe93,6.5]. 

1.3 Proposition Let X be a terminal Q-factorial 3-fold with —Kx almost nef. Assume 
that there is an extremal contraction tp : X — >■ C to the elliptic curve C. Then X is 
smooth, <p is a submersion and —Kx is nef. 

Proof. All rational curves in X are contracted by ip, moreover all rational curves are 
homologous up to multiples. Hence — Kx must be nef. 

(A) First note that for all positive m the sheaf 

V m = <p*(-mK x \c) = ^*(w X |c [_m] ) 

is a vector bundle since it is torsion free and dimC = 1. Now let us consider only those 
m G N such that mKx is Cartier. Then we have 

(*) ci(y m )<o. 

For the proof of (*) we first compute (using the relative version of Kawamata-Viehweg, 
recall that oj x ]^ c is (p— ample) 

X^xTc) = xiM^xTc)) = = c i( y -) 

by Riemann-Roch on C. Next we compute xi^x^c) on ^ ne ^ rs ^ s ^ e P ^ s ^° a PP^ 
Riemann-Roch to obtain 

X^ l x\i 1] ) = X(u l x +1] ) = (1 " 2(m + 1)) X (X, Ox) + A, 
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where A > (and A = if and only if X is Gorenstein); see [Re87] , [F187] for the singular 
Riemann-Roch version needed here. Note that we have used K x = 0; in fact, if K x < 0, 
then — Kx would be big and nef, hence q(X) = (see [KoMiMo92,3.11]. Since 

X (Ox) = X (Oc) = 0, 

we get 

x(4^ 1] )>o. (1) 

Since mKx is Cartier, we have 

ul x\c 1] = u x\c ®u X \c= ^x\C ® "x, 

hence 

by Serre duality. Thus xi^x^c) — ® an< ^ we concm de ci(V m ) < 0. 

(B) We claim that V = V m is nef. In case X is smooth and ip a submersion this is just 
[DPS94, 3.21], applying (3.21) to L = oj x { ™ +1) . The proof of (3.21) remains valid in our 
situation if (p is only flat (which is true since dimC = 1, but X is still assumed to be 
smooth). If X is singular, we argue as follows. Let n : X — > X be a desingularisation 
and let (p : X — > C denote the induced map. Let 

r */ [— (m+l)]\ /, 

L m = n ( w x|C > /torsion; 

then L m is locally free, at least if n is chosen suitably (see e.g. [GR70]). At the same time 
we can achieve that 

* / [— (m+l)l \(9)m t± • */ [— m(m+l)]\ /, 

71 y u x\c ) /torsion = ^ \^ x \c )/torsion 

is locally free. Then it is immediately checked that mL m = n* (u;~'^j) m+1 , therefore mL m 
is nef, and so does L m . By the flat version of [DPS94,3.21] the bundle 

<P*(U X \C ® L m) 

is nef. Now 

since the first sheaf is torsion free, the second is reflexive and both coincide outside a finite 
set. Therefore 

0*(uj xic ® L m ) C W*{u x ™ c ) = V m , 

and the inclusion is an isomorphism generically. Thus V m is nef. Since ci(V m ) < 0, 
we conclude that V m is numerically flat, i.e. both V m and are nef (see [DPS94]), in 
particular ci(V m ) = 0. 
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By (B) we conclude 

x(x 7 J™ +1] ) = -x(x^ x m ) = x(y m ) = o. 

Therefore our reasoning in (A) proves that X is Gorenstein. 
(C) If m 3> 0, we have an embedding 

i:X^P(V), 

since — mK x \c is very ample. Let r = rkV and OxO-) = **(^p(v)(l))- Then by 
construction 

-mK x =O x {l)®ip*{L) 
with some line bundle L on C. We claim that 

Cl (L) = 0. 

To verify this, first notice from —mKx = ® <P*{L) that 

V = V m = ^{O x {l))®L. (+) 
Now consider the exact sequence 

0^ l x ®O nv) {l) — ><9 P(V) (1) — ^Ox(l) ^0 
and apply 7r* to obtain 

— > tt*(J x <g> P( v)(l)) — ► V — > — > #V(Xx <E> P(V )(1)) — > (++). 

We check that 

R^^lx ® Cp(v)(1)) = 0. 

In fact, this sheaf is generically, since for general c G C, the embedding X c = t/? _1 (c) C 
7r _1 (c) is defined by H°(X C , —mKx c ) which implies 

if 1 (X c ,J Xc (l)) = 0. 

Since however ip*(—mKx) is locally free and R q ip*(—mKx) = for q > 0, standard 
semi-continuity theorems (notice that <p is flat!) imply that h°(X c , —mKx c ) is constant. 
Since 

H\X c ,-mK Xc ) = 0, 

as we check easily, we obtain 

H 1 {X c ,I Xe (l)) = 

for all c G C, hence R}tt*{Z x <g> P ( V) (1)) = 0. Since rkF = r%>*(£> x (l)) by (+), we 
conclude 

K~^((9x(l)) 
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by (++) and the R 1 —vanishing. Again from (+) we finally obtain 



Cl (L) = 0. 

Using 

K P(V) = P(v) (-r) <g> 7r*(detV), 
we obtain by the adjunction formula 

(**) Ox(rm-l) = p*((detV) m ®L) <g> (detN x ) m . 

Now it is well-known that P(V) is almost homogeneous (and the tangent bundle 7p(\/) is 
nef) (cp. [CP91]), i.e. the holomorphic vector fields generate Tp(y) outside some proper 
analytic set S C P(V). 

(CI) We first treat the case that X <f_ S. Assume that ip is not a submersion. This means 
that the sheaf of relative Kahler differentials ^ x \c * s not l° cau y f ree °f rank 2. Note that 
once we know that Q X \c * s locally f ree ? then automatically X must be smooth. We are 
first going to show that under our assumption 

(2) h\N x \ nv) ) > rkA/". 

Here M denotes the normal sheaf of X C P(V), the dual of X/X 2 . Let uj be the pull-back 
of a non-zero 1-form from C. From the exact sequence 

o — v *(v} c ) — n x — n x{c — o 

we see that u; has zeroes exactly at some of the singularities of X and at the smooth points 
of X where cp is not a submersion. Consider the exact sequence of tangent sheaves 

(S) 0^T X ^T P{v) \X^Af x . 

This sequence shows that Nx is generated by global sections outside the set S = .SUSingX. 
If 

h°(M) = rW, 

then by (S) also Tx would be generically generated. Hence we can find v G H°(Tx) such 
that u)(y) 0, so that uj(v) is a non-zero constant holomorphic function and uj has no 
zeroes. Therefore <p can fail to be a submersion at most at the singularities of X, in 
particular inequality (2) holds already for X smooth. In the remaining case we argue 
as follows. Since Tx is generically generated, X is almost homogeneous with respect to 
Aut°(X), i.e. the automorphisms act with an open orbit. Every x G Sing(AT) must be a 
fixed point. Hence the fiber of ip containing x is invariant under the action and consequently 
the induced action on C has a fixed point. C being elliptic, the action on C is trivial, but 
then X cannot be almost homogeneous. Of course this argument can also be used in the 
case X smooth. 
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Now (2) is proved. In particular, Hx being generically spanned, we have 

h°(detj\f x ) > 2. 

By (**) we conclude the existence of some n G N and a line bundle Q G Pic°(C) such 
that 

h°(u x n " ®ip*(g )) >2. 

Note that necessarily n K x is Cartier. We claim: 

(***) there is some n\ G N and a £1 G Pic°(C) such that the base locus B\ of the linear 
system \u> x ni <E> <£*({?i)| has dimension < 1. 

Proof of (***): If already the base locus So of our linear system \oo x n ° <8> <^*(£o)| has 
dimension < 1, then we are done; so assume that dim So = 2. Let So be the 2-dimensional 
part (with appropriate multiplicities). Let 

M = iv x n ° ® ^(Qo) ® Ox (-B ). 

Then the base locus of \M\ has dimension at most 1. We can write 

O x (Bo)=uJ-^®<p*(H), 

note that So is Cartier and that p, is a non-negative rational number and H is Q— Cartier 
on C. Now choose k G N such that k(no + fi) = pm for some positive integer p where mKx 
is Cartier and let n\ = pm. Then we consider kM instead of M, of course the base locus 
of \kM\ still has dimension at most 1. We have 

kM = u x n± ®^*{Go®H- k ). 

If H = 0, we are done, so assume H ^ 0. Since 

^ S°(X, M fc ) = H°(C, V ni ® S" fc <g) ^ fc ), 

the numerical flatness of V ni forces deg H < 0. But then, going back to the decomposition 
of S , we would have a section of —pK x vanishing on some fibers of <p which gives a 
section of with zeroes, contradicting the flatness of V^. So H = 0. This proves (***). 

Let 

be the map associated to the linear system \oJ x ni <8>(p*(Gi)\ - Since —Kx is not big, we have 
dimy = 1 or dimy = 2. Let F be a general fiber of /. Note first that in case dimy = 1, 
the map / cannot be holomorphic, i.e. Si ^ 0, because otherwise K x = 0, which is 
impossible, ip being a del Pezzo fibration. We next treat the case that / is holomorphic in 
case dimy = 2, or, more generally, that F D Si = 0. Then 

K F = K X \F = 0. 
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Therefore F is an elliptic curve. Moreover 



Cl (0 P(v) (l)).F = O. 

Using the tangent bundle sequence and the generic spannedness of 7p(y), we see immedi- 
ately that A/f|p(v) = Op N . Now the relative tangent bundle sequence for n : P(V) — >■ C 
together with the relative Euler sequence imply that 

h*(V) = 0$, 

where h = n\F — >■ C is the etale covering of F over C. Hence after the base change 
F — > C the space P(V) becomes a product. It follows in particular that / must be an 
elliptic bundle and that <p is smooth. 

So we are reduced to the case that B\ ^ 0. Then we even have dim£?i = 1, otherwise 
we could pass to m{—n\Kx + <£*£?i)) to obtain base point freeness. Let B C B\ be the 
1-dimensional part of B\. 

(a) We start with the case dim!" = 1. First note that 

F = -pK x 

with some positive rational number p. Take another general fiber F' and consider the nef 
line bundle F'\F (strictly speaking we should take A such that XF' is Cartier and consider 
XF'\F). We write (on F) 

F'\F = B + M, 

M the movable part. Decomposing B = biB\ we deduce from K\ = that 

-K x ■ h ^ + M = °- 

Since — Kx is nef, we conclude — Kx • B l = —Kx • M = for all i. Therefore all B l and M 
are homologous, i.e. contained in the half ray 



R={Z e NE(X)\Z-K X = 0} 



inside the 2-dimensional cone NE(X). There is a slight difficulty that M and B a priori 
might not be Q— Cartier in F. To circumvent this, choose a desingularisation a : F — >■ F. 
Let M be the strict transform of M in F. Choose Bj C F such that a(Bj) C B^ j) and 
such that there is an equation 

(3) a*(F'\F) = M + J2hB J +E, 

where E is effective and contained in the exceptional locus for a (including the non-normal 
part). M being irreducible and movable (for general choice of M), we have M 2 > 0. If 
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M 2 > 0, then M would be big, so a(F'\F) would be big contradicting the nefness of F' 
together with F' 2 ■ F = 0. Hence M 2 = 0. Thus M is base point free and defines a map 

A : F — > B F 

to a curve Bp. Now notice 

a*(F') ■ M = F' ■ M = 

(use F' 2 ■ F = and the nefness of F'\F). Therefore a*(F') -1 = 0, with / a fiber of A. 
Consequently all Bj and all components of E must be contained in fibers of A (just dot 
(3) with /). It follows that M is Cartier on F (and so does B) and its sections define a 
morphism 

Xp : F — > B'p 

to a curve B' F (with a natural map Bp — >■ B' F ). Since M ■ B l = (in F), all B l are 
contracted by Af and hence the general fiber G of Af does not meet B\. We may assume 
G connected. Since 

K G = K F \G={l-p)K x \G, 

we have Kg = and either G is smooth elliptic or a singular rational curve. This second 
alternative cannot occur: since dim (f(G) = 1 by virtue of Kx G = 0, the curve G surjects 
to the elliptic curve C. Hence G is a smooth elliptic curve. Now we argue as in the case 
dim Y = 2 and / holomorphic and obtain a contradiction. 

(b) The case dim Y = 2 with dim Bi = 1 is essentially the same. We choose 

D,D' e\- n x K x + <p*(G)\ 

general, subsitute F by D and F' by D' and repeat the arguments of (a). This finishes 
the case (CI). 

(C2) We still must deal with the case X C S. The structure of S is however very easy. 
Choose , H G Pic (C), such that, putting V = V (8) H, the dimension h°(V) gets maximal. 
Write V as the following extension 

— > O p c — > V — >V — >0, 

such that h°(V) = 0. Then the exceptional orbit S is of the form S = P(V') C P(V) = 
P(V). Now we substitute V by V and run the old argument. 

We proceed with investigating conic bundles over possibly singular surfaces. 

1.4 Lemma Let Y be a normal projective surface with only rational singularities. Assume 
that —Ky is almost nef and that q(Y) > 1. Then Y is either a Pi — bundle over an elliptic 
curve, an abelian surface or a hyperelliptic surface; in particular Y is smooth, and —Ky 
is nef. 
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Proof. Rational singularities are automatically Q— Gorenstein, hence the assumption 
" —K Y nef ' makes sense. Let rc : Y — > Y be a desingularisation. Since 

-K Y = n*(-K Y )+A 

with A effective (possibly 0), —K Y is almost nef. Let a : Y — > Y m be a map to the 
minimal model. Then 

-K Y = a*(-K Y J-E 

with E effective, hence — K Y is almost nef. 

If K(Y m ) > 0, we conclude that Ky m = 0, so that F m is abelian or hyperelliptic (by the 
existence of a 1-form) ; moreover that Y = Y = Y m by almost nefness of the corresponding 
canonical bundles. 

Hence we shall assume K,(Y m ) = — oo from now on. Y m being a Pi— bundle over a 
curve C of genus g(C) > 1, it is clear that — K Ym is nef, hence C is an elliptic curve. It 
remains to prove the following 

(*) if A : Y' — > Y m is the blow-up of the point p G Y m , then — K Y > is not almost nef. 

Given (*), we conclude that Y = Y m , and since Y has only rational singularities, it follows 
Y = Y = Y 

For the proof of (*), we first note that —K Y > must be nef if it is almost nef. In fact, 
otherwise there is a rational curve C with K Y > ■ C > 0. Since C does not move, it can only 
be the exceptional curve for A or the strict transform of the ruling line containing p. But in 
both cases K Y / -C = —1. Hence — K Y / is nef. On the other hand K Y , = —1, contradiction. 
This proves (*) and finishes the proof of (1.4). 

(1.5) Let if : X — > W be an extremal contraction of the terminal Q-factorial threefold 
X to the surface W. It is well-known and easy to prove that (p is equidimensional (since 
p(X) = p(Y) + l.) The surface W has only quotient singularities, i.e. (W, 0) is log terminal, 
in particular W has only rational singularities (see [KoMiMo92] ) . Let 

S = Smg(X);S' = <p(S) 

and 

W = W\S',X = ^- 1 (W ). 

Then <p : X — > Wo is a usual conic bundle and Wo is smooth. Let A denote its 
discriminant locus and put A = A C W. 

1.6 Lemma Assume the situation of (1.5). If —Kx is almost nef, then —(4Kw + A) is 
almost nef. 

Proof. Note that W is Q— factorial since it has only rational singularities. The arguments 
in [Mi83,4.11] show that 

<p*(K x ) = -(4K W + A) 
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in AT-^W), since this has only to be checked on curves which are very ample divisors on 
W (and therefore may be assumed not to pass through S'). Hence our claim is clear: if 

-(4K W + A) ■ C < 0, 

then K\ ■ </? _1 (C) • C < 0, hence — Kxl^^iC) cannot be nef, hence </? _1 (C) contains one 
of the finitely many rational curves C with K x • C > so that C = <p(C). 

1.7 Proposition Let X be a terminal Q-factorial threefold with —Kx almost nef. Assume 
q(X) = 1 and let a : X — > C be the Albanese map to the elliptic curve C. Let <p : X — > W 
be an extremal contraction to the surface W. Then X is smooth and a is a submersion. 
Moreover W is a hyperelliptic surface or a Pi — bundle over C with —Kw nef. 

Note that we do not claim here that — K x is nef; we will address to this point in (1.8). 

Proof. We shall use the notations of (1.5). If k[W) > 0, W a desingularisation, then, 
— (4Kw + A) being almost nef, — Kw is the sum of an almost nef and an effective divisor 
which includes A. Passing to W and using the effectiveness of K^, it follows immediately 
A = 0. Hence W is hyperelliptic by (1.4). But then by a base change we pass to the case 
alb(X) = 2,dimVF = 2 treated in (1.9) and (1.10). However it is also possible to make 
the following arguments work also in the hyperelliptic case. From now we will assume 
k(W) = — oo. 

(A) First we consider the case A = 0. By (1.6) — Kw is almost nef, hence W is smooth by 
(1.4). We claim that 

X = P(Eq) 

with an algebraic vector bundle E on Wq. First we show that E exists as a holomorphic 
bundle. The obstruction for the Pi— bundle X — > Wq to be of the form P(Eq) is a 
torsion element 

P G H 2 (W ,O*) 
(see e.g. [E182]). From the exponential sequence we see 

H 2 (W ,O*)~H 3 (W ,Z), 

if S' 7^ 0. Assuming 5" ^ for the moment, we check easily via Mayer- Vietor is that 
H 3 (W 0: Z) is torsion free. Hence P = 0. If S' = then X is smooth and <p is a Pi— bundle 
so that a is a submersion. Hence we will assume that S' ^ 0, i.e. that X is singular. 

Now we have Xq = P(-Eo) analytically. Therefore —Kx \w = ^p(v)(2) analytically with 
some rank 2-vector bundle V. We may assume V = Eq. Of course — K X(j \w is algebraic; 
we want to show that Eq is algebraic, i.e. Op^ Eo ^(l) is algebraic. In fact, taking roots, 
there is a 2:1 Galois cover g : Xq — >■ X and an algebraic line bundle C on Xq such that 

g*{-K Xo \ Wo ) = C 2 . 
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So g*(-K XolWo ) is algebraic and so does g*g*(-K Xo{Wo ) ~ C Xq © -ifx |wv So can 
be taken to be an algebraic vector bundle. Thus Eq has a coherent extension to W. The 
bidual of this extension is reflexive, hence locally free, W being a smooth surface. Thus Eq 
has a vector bundle extension E. Let X = P(E). Then X and X coincide outside finitely 
many curves. Thus X ~ X by [Ko89,2.1.13]. Hence <p and therefore a is a submersion. 

(B) Now let A ^ 0. 

By (1.6), — {AK W + A) is almost nef. It follows already that — K w is almost nef except 
possibly for the case that there might be an irrational curve B C A with K w ■ B > 0. 

If — Kw is almost nef, then by (1.4) W is smooth, in fact a Pi— bundle over C with — Kw 
nef [CP91]. We therefore shall prove now that — Kw is almost nef. Assume to the contrary 
that there is an irrational curve B such that 

K w ■ B > 0. 

We have already seen that necessarily B C A. Note that is Q— factorial since W has 
only rational singularities. In particular Kw and B are Q— Cartier. We claim that 

K w + B ■ B < 0. 

In fact, since —4(Kw + A) is almost nef and B irrational, we have 

-4(K W + A) • B > 0, 

so that A • B < —A(Kw • B). Consequently 

B 2 < A ■ B < -4(K W ■ B) < -{K w • B). 

This proves the claim. Now let fx : B — > B be the normalisation. Choose m positive such 
that m(K x + B) is Cartier. Then by the subadjunction lemma (see [KMM87,5-l-9]), there 
is a canonical injection 

u>%^iJ,*{0 B (m{K x + B))). 

Hence degK^ < and B is rational, contradiction. So — Kw is almost nef. 

(C) Now we know that W is a Pi— bundle over C with — Kw nef. Hence e(W) = 0, — 1. 
Moreover — (AKw + A) is nef. However X maybe still be singular and —K x only almost 
nef. First let us see that X is Gorenstein and (p really a conic bundle. We shall use the 
notations from (A). The sheaf 

T = (p *(u* x ) 

is torsion free and locally free on Wq. We claim that JF is actually reflexive. In fact, take 
x G W \ Wq, let U C W be an open neighborhood of x and take s G H°(U \ {x}, JF). We 
need to prove that s extends to U. Consider s as an element of H°(if~ 1 (U\{x}, oj* x ). Since 
dim</? _1 (x) = 1 and since u* x = O x (—K x ) is reflexive, s extends to s G H°{ip~ 1 {U),u3 x ). 
This proves the extendability of s on U and T is reflexive. W being a smooth surface, T 
is locally free. Xq — >■ Wq being a conic bundle, there is an embedding Xq > P(^ r |H / o). 
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Let X be the closure in P(^ r ). Then X is clearly Gorenstein and we claim that X is a 
(possibly singular) conic bundle. To see this we let 7r : P(^ r ) — > W denote the projection 
and we must prove that there is no point w G W such that n~ 1 (w) C X. Consider the 
canonical morphism 

a : if* (J 1 ) = <p*<p*(ux) — ► u* x 
Let S = Ima. Then we obtain an embedding 

P(S)cP(<p*(F)) = P(F)x w X, 

hence an embedding P(«S) C P(^ r ). It follows that X is the unique irreducible component 
of P(«S) which is mapped onto W by n. Assuming the existence of a point w G W as above, 
we have P2 ^ n~ 1 (w) C P(«S). If however 

p : P(<S) — ► W/ 

denotes the canonical projection, then, factorising p as P(«S) — >■ X — ► W, it is clear 
that p~ 1 (w) cannot be P2, since ip us equidimensional [Cu88], contradiction. Hence X is 
a conic bundle. Now there is a birational map X — ^ X, which is an isomorphism outside 
finitely many curves. Hence X ~ X by [Ko89,2.1.13] and X is Gorenstein and a conic 
bundle. Note that no component of a fiber of (p is contractible so that [Ko89,2.1.13] is 
applicable. 

Now we write — 4Kw = A + D with a nef divisor D. 

(CI) First we consider the case that e = 0. Then —AK W = 8C . Consequently A = oC 
and D = bCo with a + b = 8. 

So A consists of a disjoint sections. Let y G C and let X y be the fiber of a over y; clearly 
X y is reduced. Since A is smooth, every singular conic <^ _1 (x),x G W, is a pair of two 
different lines. Let 

f3 : W — > C the projection. Then / meets A transversally in a points and therefore for y 
general, X y is the blow-up of a Hirzebruch surface in a points. In particular, K\ y = 8 — a 
for all y. Suppose X y singular. Consider the projection 

p:X y — >Z = P!. 

Since the only singular fibers of p are line pairs, we see that X y has only finitely many 
singularities. X y being Gorenstein (because X is Gorenstein), we conclude that X y is 
normal. Let 

O '■ Xy > Xy 

be the minimal desingularisation and 

fX Xy > Xy 

a map to a minimal model. We can arrange things such that X y — > I factors through a 
map X y — >■ / (just make X y — ► / relatively minimal). We conclude that a contract only 
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parts of fibers of X y — > I (and hence X y has only rational double points as singularities). 
Since K\ = 8 — a, the birational map p consists of a blow-ups. On the other hand, 

Xy 

X y — ► / has exactly a singular fibers which are line pairs. Therefore a cannot contract 
any curve, so that X y is smooth. Hence a is a submersion. In particular X is smooth. 

(C2) The argument in case e = — 1 is essentially the same, we thus omit it. 

Remark. In case X is smooth in the situation of (1.7) and if —Kx is nef, we can prove 
the smoothness of a by direct local calculations, see (4.7). 

1.8 Proposition In (1.7) —Kx is always nef. Moreover the discriminant locus A of the 
conic bundle <p is - after finite etale cover of the base C - of the form A = vCo, where Co is 
a section of W with Cq = 0. // v > 3 or with W = P(0 © L) with L a torsion line bundle, 
then ip is analytically a Pi — bundle, i.e. a conic bundle with discriminant locus A = 0. 

Proof. We make use of the notations of the proof of (1.7). Suppose A^O. We know that 
A is smooth and that — Kw is nef. 

(1) In a first step we reduce to the case W = Pi x C. 

(a) If the invariant e = —1, take a curve Cq with Cq = 1. By [At57, lemma 22], W 
has three etale multi-sections Ci of degree 2, which are numerically equivalent to 2Cq — F. 
Take one of them, say C\ and perform the base change C\ — ► A to obtain the new ruled 
surface W. Then W' has invariant e = 0. Hence the case e = — 1 is reduced to the case 
e = 0. 

(b) Since — Kw is nef, (a) implies e = 0. In that case A = uCo, where Cq = and 
1 < v < 8. In fact, since — Kp is nef, F is a Hirzebruch surface blown up in at most 8 
points and therefore 

A = uC + fd, 

where / is a fiber of (3 (compare the proof of (1.7)). Since on the other hand — (4Kw + A) is 
nef and since — K w = 2C , we must have ji = and 1 < v < 8. We now show that if v/geqS, 
then we can reduce ourselves to W = P x C. If W = P(0 © L) with a topologically trivial 
line bundle L, then A provides a multi-section, disjoint from the two canonical sections. 
Hence W = Pi x C after a finite etale base change. Therefore we may assume that W 
is a product in that case. If W = P(E) with E a nontrivial extension of O by O, then 
A provides a multi-section disjoint from the canonical section, so that after a finite etale 
base change h : C — > C, the pull-back W has two disjoint sections, so that h*{E) splits. 
This is impossible. 

(2) We consider here the case W — P x C. Let Pi denote the projections of W to Pi and 
C We consider the fibration g = pi cxp : X — ► Pi. Its general fiber G is aPi— bundle over 
an elliptic curve with — Kq nef, hence G has invariant e = or e = - 1. We can write 

A = \J{ Xi } x C. 

Let Ci = {xi} x C and Gi = ip~ l {Ci). Then every fiber of GilaCj is a reducible conic 
and thus there exists an unramified 2:1 cover Ci — > Ci such that Gi = Gi Ci — ► Ci 
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is a Pi— bundle. The map h : Gi — > Gi is nothing than the normalisation of Gi. By 
adjunction 

K Gi =K x \Gi, 

hence, —Kx being almost nef, it is clear that —K G . is nef. If is the invariant of Gi, it 
follows as above that G {0,-1}. We have the well-known formula (see [Mo82]) 

K &i =h*(K Gi )-N, (*) 

where N is the non-normal locus (with structure given by the conductor ideal) and N the 
analytic preimage of N. Write 

h*(-K Gi ) = aC + /3F, 

where as usual Co is a section with Cq = — e$ and F is a ruling line. Since h(F) is an 
irreducible component of a conic in X, it follows 

a = h*(-K Gi )-F=l. 

By virtue of Kq. = K G we have 

h*{-K Gi f = (Co + /3F) 2 = 2/3 - e, = 0, 
in particular = 0. From (*) and 

-Kq. = 2C + e,F = 2C 

it follows 

iV^Co 

and 

h*(-K Gi ) = C . 

Hence K Gi is (numerically) not divisible by 2. Thus K G is not divisible by 2, hence 
e = e(G) = —1. If Cq and F' are the canonical section resp. a ruling line, we have 
—K G = 2C + F'. Taking limits yields 

h*(-K G .) = 2C + 2F, 

contradiction. 

Hence A = 0. Now it is clear that every fiber of a is Pi x P x and therefore — Kx is nef. 

(3) Next we treat the case v = 1. Hence A is a section of (3 : W — > C with A 2 = 0. Then 
the general fiber of a : X — >■ C is either 

(a) Pi x Pi blown up in one point or 

(b) the first Hirzebruch surface F\ blown up in one point, i.e. P2 blown up in two points. 
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(a) We want to apply (0.5). We start with an irreducible component B of a reducible conic 
sitting in a general fiber F. In other words, we consider a\F, which is a Pi— bundle over 
a rational curve blown up in one point and we take a (-l)-curve in a fiber of a. Since (p 
is a conic bundle, every deformation of B is still a (-l)-curve in some fiber of a so that 
we can apply (0.5). We obtain an etale cover C — > C and a base changed (p : X — > C 
and a birational morphism r : X — > X' contracting a (-l)-curve in every fiber of a. We 
obtain a submersion g : X' — > C with general fiber Pi x Pi. If we know that every fiber 
of g is Pi x Pi, then —Kx 1 is g— nef. Since —Kx> is almost nef, we conclude that —Kx< 
is nef, hence — Kx is nef and we are done. This is certainly the case if g is a contraction 
of an extremal ray. If g is not an extremal contraction, we can choose some contraction, 
say h : X' — > Z, inducing a map h! : Z — > C. It follows that dim Z = 2 and that h is a 
conic bundle. Since however every F' is a Hirzebruch surface, it is clear that h must be a 
Pi— bundle, and therefore g is a bP\ x Pi— bundle. 

(b) We proceed in the same way. Now the general fiber of g is F\. Then either we can 
repeat the process by another application of (0.5) or we argue as follows. Since F' ~ Fi, it 
is well known that h cannot be an extremal contraction. As in (a) we choose a contraction 
h : X' — > Z. If dimZ = 2, we conclude as in (a). If h is birationa, then the general fiber 
of hi : Z — > C is P2, thus h' is a P2— bundle and h is a F\— bundle. Therefore — Kx is 
nef. 

(4) The case v = 2 is completely analogous; details are omitted. 

(1.9) To end the discussion of contractions of fiber type, we must consider the case 
alb(X) = 2,dimVF = 2. Of course we assume — Kx to be almost nef. In that case 
a : X — > Alb(X) = A has connected fibers [Ka81,Mo87,11.5.3]. Therefore the map 
(3 : W — >■ A has connected fibers, thus it is birational. We claim that (3 is an isomor- 
phism. 

In fact, by (1.6) — (4Kw+A) is nef, A denoting the discriminant locus of the "generic" 
conic bundle ip (cp. (1.5)). Let h : W — >■ W be the minimal desingularisation. Since the 
singularities of W are all rational double points, we have K^ = h*(Kw)- We conclude 
that — Kyj is the sum of an effective and a nef divisor. But k(W) = 0, therefore A = 0, 
and — Kyy = 0. So W is a torus, and j3 o h and in particular (3 are isomorphisms. 

So W = A. Then (1.6) once again proves A = so that ip is analytically a Pi— bundle 
outside a finite set of A. 

1.10 Proposition In the situation of (1.9) X is analytically a Pi — bundle over A. In 
particular X is smooth and —Kx is nef. 

Proof. First note that ip is equidimensional, as in (1.7). Let 

S = {a G A\X a is singular}. 

Then S is finite (or empty), (1.5,1.8). So X \ ^(S) — > A \ S is a Pi-bundle and the 
same technique as in (1.7) shows that p> is a Pi— bundle (noting that no fiber of ip contains 
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a contractible curve since <p is an extremal contraction). The required torsion freeness of 
H 2 (A \ S 7 O*) follows as in (1.7); it is equivalent to the torsion freeness of 

H S (A\S,Z). 

Now if being a Pi— bundle, X is smooth and —Kx is nef. 



2. Birational Contractions 

We shall always assume that X is a terminal Q-factorial threefold with — Kx almost nef. 

2.1 Proposition Let <p : X — > Y be a divisorial contraction. Then —Ky is almost nef. 

Proof. Let E C X he the exceptional prime divisor contracted by (p. If dim(p(E) = 0, then 
our claim is obvious; hence we shall assume dim(p(E) = 1 from now on. Let C = dim ip(E). 
We only have to show that KyC < 0, if C is irrational. We let g : E — ► E and v : C — > C 
be the normalisations and denote g the genus of C . We obtain a map p : E — ► C. 

Let h = goa : E — > E. Let / : E — >■ Eq be the minimal model (note that E is irrational!). 
Let C\ C Eq be a section with minimal self-intersection and put C\ = — e. Let F be a 
general ruling line of E . Choose A such that both \K X , XK Y are Cartier. Then we have 

XK X = <p*(\K Y )+\E, 

since (p is generically the blow-up of C. It follows that }i*{\Ke) = h*(XKx\E + \E\E) is 
Cartier. Write 

h*(-XK x ) = r(ad + (3F) + Y,*iAi, 

where the A{ are the exceptional components of /. Since <p is generically a blow-up, we see 
immediately that 

A = a. 

By the same reason we have 

h*(XE\E) = /* (-Ad + 7 F) + h i A i- 
We conclude by adjunction 

h*(XK E ) = /* (-2Ad) + ( 7 - P)F) + ~ a Mi- 

Now - passing to the level of sheaves - is a subsheaf of h*{ujE)- Thus 

< = /*(c4)c(m*(c4))**. 
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Since K Eo = -2C X + (2 - 2g - e)F, we obtain 

-2ACi + (7 - P)F = XK Eo + pF 

with p > 0. Squaring yields 

-4A 2 e + 4A/3 - 4A 7 = 8A 2 (1 - g) - Xg, 
hence — Ae + A/3 — A7 < 0. This implies /3 + 7 > 0. 

2.2 Proposition Let </? : X — ^ X + be a flip. If —K x is almost nef, then so does —K x +- 

Proof. Let E C X and E + C X + be the exceptional sets so that ip : X \ E — > X + \ E + 
is an isomorphism. Both E and E + consist of finitely many rational curves, so we do not 
have to care about curves in E + . Therefore it is sufficient to show the following: 

if C C X is an irreducible curve, C <£_ E, and if C + C X + denotes its strict transform, 
then K x + ■ C+ < K x ■ C. 

Choose a desingularisation g : X — > X such that the induced rational map h : X — > 
X + is a morphism. Then one has 

K x =g*K x + J2^E l 

and 

K x = h*K x+ +Y^»iEi, 

where the Ei are the exceptional components of g. Then by [KMM87,5.1.11] we have 
Xi < pi from which our inequality is clear. 

2.3 Proposition Let X be a smooth projective threefold with —K x nef and positive 
irregularity q(X). Let ip : X — > Y be a divisorial contraction. Then <p is the blow-up of 
a smooth curve C C Y and —Ky is almost nef. If —Ky is not nef, then C ~ Pi with 
normal bundle N C \ Y ~ 0(-2) © 0(-2). 

Proof. [DPS93] 

The exception described in (2.3) is the reason why we introduce the notion "almost nef. 
In the end it will turn out that this exception does not happen. If q(X) = then the 
exception might very well occur. 



3. The Main Theorem 

Here we begin studying backwards: we start with a smooth object with — K nef and ask 
how we can modify without destroying this property. 
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3.1 Proposition Let Y be a smooth projective threefold with —Ky nef. Let (3 : Y — > A 
be its Albanese map to the abelian surface A. We assume that f3 is a submersion. Let X 
be a terminal threefold and let <p : X — > Y be a divisorial contraction. Then —Kx is not 
almost nef. 

Proof. We may assume that k(Y) = — oo, otherwise our claim is obvious. By our assump- 
tion f3 is a Pi— bundle analytically. Let E be the exceptional divisor of ip. 

(a) First let dim tp(E) = 0. We can write Kx = <p*(Ky) + p>E for some positive rational 
number fx. Notice that X might not be smooth, even not Gorenstein as examples using 
weighted blow-ups, say in P3, show. First of all we have 

K X =K Y + fu 3 E 3 . 

Since K Y = and E s > 0, we conclude K x > 0, hence —Kx cannot be nef. If — Kx is 
almost nef, there is a rational curve C C X with K x ■ C > 0. Then <p(C) must be a fiber 
of (3, namely the fiber containing p = (p(E). In particular C is the unique curve in X with 
Kx • C > 0. Observe that after a possible etale base change, we may assume Y = P(V) 
with a rank 2-bundle V on A. Since — Ky is nef, V is numerically flat (after another base 
change) [CP91,DPS94] and thus we have an exact sequence 

— >L 1 — >V — >L 2 — >0 

with flat line bundles Li. In particular K Y = 0. Now take a general smooth surface S 
through p and let S be its strict transform in X. Then 

K X -S = K Y -S + 2^{K Y ) -E-S + fx 2 E 2 ■ S = n 2 E 2 ■ S < 0. 

Hence — K X \S cannot be nef; on the other hand S does not contain C, contradiction. 

(b) If dim (p(E) = 1, choose a general curve B C A. Let B its preimage under \3oip. Then 
—K^ B is almost nef, hence nef and therefore B — ► B is a submersion (4.4). This proves 
[3ip(E) = 0. If —Kx is almost nef, then an argument as in (a) shows that —Kx is nef. But 
in that case simple numerical calculations give a contradiction, see (4.19) for the details in 
a slightly more general situation. 

3.2 Proposition Let Y be a smooth projective threefold with —Ky nef, (3 : Y — >■ A the 
Albanese to the elliptic curve A. Suppose that [3 is a submersion. Let ip : X — > Y be the 
blow-up of a point or a smooth curve C. If —Kx is nef, then ip cannot be the blow-up of a 
point. If ip is the blow-up ofC, then C is an etale multi-section of (3 and a is smooth. 

Proof. The first claim, that ip is not the blow-up of a point, is obvious since we have 
K x = K Y = 0. So assume that ip is the blow-up of the curve C. If dim /3(C) = 1, then 
our claim follows from the more general proposition (4.11), therefore we shall assume 
dim /3(C) = 0, so that C is contained in a fiber F of (3. The case Kp > is treated in 
(4.11), too. Hence it remains to consider the case Kp = 0. We may assume k(X) = —00. 
Then either 
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(1) F is a Pi— bundle over an elliptic curve with invariant e < or 

(2) F is P2 blown up in nine sufficiently general points. 

(1) In this case (3 factors by (0.4) in the following way 

with 7 a Pi— bundle and 8 an elliptic bundle. Hence Z is hyperelliptic. Then we perform 
an etale base change Z — > Z with Z an abelian surface and conclude easily by applying 
(3.1). 

(2) Here we have a factorisation 

Y^Y 1 ^...^Y k -^Z-UA 

or 

Y Yi — > . . . Y k -fU A 

with 7j blow-ups of etale multi-sections, S and e both Pi— bundles and p a P2— bundle. 
Let Cj be the image of C in Yj. Let Ej C Yj-\ be the exceptional divisor of 7^ and let Bj 
be the center of 7^ so that Ej = r )~ 1 (Bj). Now by the computations of [DPS93, p. 234-235] 
and of the proof of (4.11) below we have, in the notations of (4.11) that 6 + ^ = 0, which 
is to say that K Y ■ C = 0. Hence K F ■ C = and C is an elliptic curve. Moreover there is 
an index j such that Cj_i fl Ej 7^ 0, i.e. Cj fl Bj 7^ 0. 

Every Bj is an elliptic curve; we now check that the normal bundle Nb cy- is flat (hence 
the ruled surface Ej has invariant e = 0). In fact, we see inductively that — Ky ■_ 1 is nef 
and that K\ = 0. As in [DPS93,p.234] and (4.11) we write 

-K Y ._AEj = C + bf, 

and 

Ne 3 \y 3 ^ = -Co + nf, 
where / is a ruling line of E. Then we have by [DPS93]: 

b + \x = 2b - e. 

On the other hand we have by the proof of (4.11) that 

g 

b + n = and b = - . 

Since e > — 1, we conclude e > 0, hence b = \i = e = 0. So Ng \y is flat. 
With this last observation our claim now clearly follows from the 

3. 3. a Sublemma Let Z be a smooth projective threefold, B C Z be a smooth elliptic curve 
with flat normal bundle Nb and ifj : Y — >■ Z be the blow-up of B. Denote E = if;~ 1 (B) 
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the exceptional divisor ofip. Let C C Y be a smooth curve and <p : X — > Y be the blow-up 
of C. Assume —Ky nef and K Y = 0. Then —Kx is not nef unless C fl E = 0. 

Proof. We use analogous notations as in part (2) of the proof of (3.2) and have by our 
assumptions (cp. [DPS93,p.234-235], (4.11)): 

-K Y \E = 0; K E = -2C . 

Let E be the strict transform of E in X. Then 

K x \E = (p*(K Y \E) + D, 

where D is an effective divisor supported exactly on the exceptional set of E — > E. Now 
suppose that C(~)E ^ 0. Then — Kx\E = (p*(Co) —D, and, D being non-zero, we conclude 

K\ ■ E = D 2 < 0, 

so that — K x cannot be nef. 

This finishes the proof of both the Sublemma and (3.2). 

In the proof of (3.3) we will see that (3.2) remains true also if we only suppose —Kx to 
be almost nef, but this turns out to be much more complicated. 

We are now in the position to prove the main result of this paper. 

3.3 Theorem Let X be a smooth projective 3-fold with —Kx nef. Then the Albanese map 
a : X — ► A is a surjective submersion. 

Proof. We know already by [DPS93] that a is surjective. Of course we may assume that 
q(X) > 0. If K x is nef, then by (1.2) K x = and it is well-known (see e.g. [Be83]) that 
after a finite etale cover X is a product of a torus and a K3-surface or X is a torus. Then 
our assertion is clear. So we shall assume that Kx is not nef. Then k(X) = — oo, hence 
X is uniruled, q(X) < 2 and there exists an extremal contraction 

V? : X — >X X . 

We have a factorisation a = f3 o ip with (3 : Xi — ► A the Albanese of X\ (of course X\ 
might be singular). 

(1) First assume that divaXi < dim X. Then we conclude by (1.3), (1.7) and (1.10). 

(2) Now suppose that dim Xi = dimX and that —Kx 1 is nef. Let E be the exceptional 
divisor of ip. Then diirnp(E) = 1; [DPS93,3.3]; otherwise (-XxJ 3 > so that —Kx x 
would be big and nef, hence q(X\) = by [KoMiMo92] . Hence X\ is smooth and by 
induction on p(X) we conclude that (3 is a submersion. Then a is smooth by (3.1) and 
(3.2). 

(3) Finally we deal with the case that dimXi = dimX and that — Kx x is not nef. By 
[DPS93] this happens exactly when the exceptional divisor E is mapped to a smooth 
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rational curve Cdi with normal bundle N c = 0{-2) © 0{-2). Moreover K\ ■ F = 

for every fiber F of a. We must show that this special situation cannot occur. 

To this extend we perform Mori's minimal model programme and obtain a sequence 

X — > Xi — > X 2 — > ... — > Xk — > Xk+i 

of extremal contractions <fi : Xi — ► Xi + i resp. flips <pi : Xi — 1 JQ+i such that 

dimXk = 3,dimXfc_|_i < 2. 

In order to simplify notations we let Y = X^ and Z = X^+i- Furthermore let f = (fk- The 
map a clearly induces maps (3 : Y — > A and 7 : Z — > A such that (3 = 7 o /. 
0By (2.1) and (2.2) -K Y is almost nef. Hence by (1.3), (1.7), (1.8) and (1.10) Y is smooth, 
—Ky is nef and j3 is a submersion. It follows that (pk-i '■ Xk-i — >■ Y cannot be a flip, so 
it has to be a divisorial contraction. If dim A = 2, we apply (3.1) to conclude that — K Xk _ 1 
cannot be almost nef which contradicts the nefness of —Kx via (2.1) and (2.2). 
Therefore we are left with the case that dim A = 1. Then either 

Case I j3 is the contraction of an extremal ray, in particular Z = A, or 

Case II dimZ = 2. 

We are going to show that in both cases the sequence 

X — ... ^X k _ x ^Y 

consists of blow-ups of etale multi-sections over A. To prove this, we proceed step by step 
starting with Xk+i = Y and we are allowed to perform etale base changes on A. 

Case I 

By (1.3), P is a submersion so that (3 is a P2— or Pi x Pi— bundle (0.4). In the second 
subcase we can reduce by a base change to Case II, applying [CP91,7.2](/3 becomes a 
Pi— bundle over a Pi— bundle). For simplicity of notations let W = X fc _i. We can write 

Y = P(E ) 

with a 3-bundle E over A. The nefness of — Ky is equivalent to saying that 

E Q <g> ^det^Q 

is nef or that £^0 is semi-stable. By another base change and normalisation, taking into 
account [At57], we have the following situation. There are exact sequences 

— >0 — >E — >F — >0 (St) 
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and 

— ► Li — >■ F — >■ L 2 — >■ (S 2 ) 

with a 2-bundle Fq and topologically trivial bundles Li on A. Therefore we have a distin- 
guished surface 

P := P(F ) C Y. 
Of course the sequences (Si) might not be unique. 

(A) We are now going to investigate the structure of g : W — ► Y and will show that g 
is the blow-up of a "canonical" section coming from some sequence (Si). First note that g 
cannot be small since —K Y is nef. So let E be the exceptional divisor of g. We claim that 

dim g(E) = 1. 

Suppose dim g(E) = 0. Then we argue similarly as in the beginning of (3.1). Namely, if 
— K w is nef, then K w = 0, hence K w = g*(K Y ) + ^E with positive /i, easily (as before) 
gives 

E 3 = 0, 

which is absurd. Hence — Kw is not nef but almost nef. Since g is a weighted blow-up (of 
type (l,a,b) with relatively prime positive integers a and 6, i.e. the blow-up of the ideal 
(x,y a ,z b ) in suitable coordinates, cp.[Ka96]), it is immediately calculated that —Kw is 
still relatively nef over A. Since — Kw is not nef, we find an irreducible curve C such that 
K w • C > 0. Then C maps onto A, so that C is irrational. Hence — K w is not almost 
nef. So g(E) is a curve D. We are going to show that D — > A is etale so that D is a 
smooth elliptic curve, W is smooth and g the ordinary blow-up. Of course g is generically 
the blow-up of the smooth curve D. 

We will distinguish three different cases according to the position of D and P. 
(a) D fl P is a finite non-empty set. 

Let P be the strict transform of P in W. By abuse of notation we will not distinguish 
between g and g\E. Let Co C P be a curve with Cq = such that Cq and a ruling line F 
generate the cone of curves. Let E' = E fl P. Then 

-K W \P = g*(-K Y \I>) — E' = g*(-K P + N P ) — E' = g*(3C ) - E'; 

here iV denotes the normal bundle. If P happens to be singular, we pass to a desingular- 
isation, so that we shall assume now P to be smooth. It is actually sufficient to consider 
the case where P — ► P is the blow-up of one simple point; the other cases will factorise 
over this case. We know that g*(3Co) — E' must be almost nef. On the other hand we 
have 

(g*(3C )-E') 2 = -l, 

hence g*(3Co) — E' is not nef. But clearly g*(3Co) — E' is nef on every rational curve of 
W, contradiction. 
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(b) DcP. 

In this case D is locally a complete intersection curve, so that we know a priori that g is 
the blow-up of D (0.6). We therefore know P ~ P. If D C P is a ruling fiber, we see 
immediately that — Kw |P is not almost nef, so assume that D is a multi-section of P. Since 
—K W \P = (7*(3C ) — -D, we conclude, identifying P and P and writing D = aC + bF, 
that 

3C -D = (3- a)C - bF 
must be almost nef. By virtue of 

(3C - D) ■ F > 

and 

(3C - D) ■ Co > 0, 

we deduce that .D = aCo with a < 3. After another base change D becomes a section and 
must be of the form D = P(Lj), using the sequence (S2) (if F splits, then of course we 
need a suitable choice of Li). 

(c) D n P = 0. 

Now D is a multi-section of /3, let ft : .D — > A denote the restriction of (3. Then D provides 
a section of P(ft*(£ )), disjoint from ft*(P). Thus h*E = O®h*(F ). Let C e i^HA-^o) 
denote the extension class defining (5i). By the above splitting it follows ft*(C) = 0. On 
the other hand the restriction map 

ft* :H 1 (A,F*) — > H X (D, ft*(F *)) 

is injective since (9^ is a direct summand of Ii*(Od) (we may assume that D is smooth). 
Therefore sequence (Si) already splits and we conclude that D = P(O). 

(B) Now we have completely determined the structure of g; it is (after base change) the 
blow-up of one of the canonical section of Y coming from (Si) or (S 2 )- Note also that 
clearly — Kw is nef. Now we proceed with the next contraction '■ — > -^fc-i) 

which we rename g\ : W\ — > W. We proceed in the same way as before, the arguments 
being similar. Note that P survives (as strict transform) in W\\ we denote the transform 
again by P. First we show 

dim = 

as before where E' C W\ again denotes the exceptional divisor or in case of a blow-up of the 
smooth point p we have the following geometric argument. Let F be the fiber component 
of j3 o g o gi such that p G gi(F). Then F ~ P2(x,p), the blow-up of P2 at x and p. First 
we shall assume that x and p are not infinitesimally near. Then we choose an irreducible 
cubic C C P2 passing through x and p and having multiplicity 2 at p. Let C be its strict 
transform in F. Then - with A = F (~) E - 

C e I -K p -A\. 
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Noticing that 

-K Wl \F = -K p -A, 

we conclude, using C, that — K Wl \F is nef, and therefore —K Wl is relatively nef with 
respect to f3 o g o gi. In particular 

-K Wl ■ C > 

for all rational curves C C W\. Since — Kw x is almost nef, it is actually nef. But K^ Vi = 1, 
since Ky^ = 0, contradiction. 

If p is infinitesimally near to x, then — Kp — A is no longer nef, so we argue as follows. 
We consider the Pi— bundle E — > D and let E C W\ be its strict transform. The normal 
bundle N D \ W is a flat vector bundle. Hence K E = — 2C and A^^ = C . Thus 

— K W \E = C . 

Now 

= - 2^|^ = ^(C ) - 2/ 

where I = E' (~) E. Here we have used p E E, which follows from the fact that p and x 
are infinitesimally near. We conclude that <7*(Co) — 21 is almost nef. Now take a section 
C G | Co | resp. C G |Co + F\ with a ruling line F. Then, denoting C the strict transform 
in E, 

gl(C )-2l.C<0, 

contradiction. 

Therefore we know that g\ is not the blow-up of a point, hence it must be centered at a 
curve D\. First suppose D\ C E. Then g\ is the blow-up of D\ (0.6). We identify E with 
E. Then we have 

-ifvKj£ = -K W \E-D X = Cq-D x . 

So Cq — Di is almost nef. We conclude easily that Di = Cq. So L>i is a section of W± — > C. 
If D\ (jL E, we consider DflP and conclude as in (A), distinguishing the cases DC\P finite, 
empty or D C P. Again — Kw 1 is nef. 

In the next step we have to consider g 2 : W2 — >■ Wi and again have to rule out the blow-up 
of a point. Here F = P 2 (xi, x^p) and it is convenient in the case of general position to 
choose a line k C P2 such that x\, x 2 G h and p G h H ^2- Then 

/1 + /2 + /3 G I - -ftTp - 

from which the nefness of —Kyy 2 \F is an immediate consequence. In the infinitesimal near 
case we argue as before. 

(D) Continuing this way we can handle 5 steps (afterwards the linear system | —Kp — E\ = 
0.) In every fiber F 4 of W4 — > A at most two points can be infinitesimally near, otherwise 
— Kf 5 would no longer be nef. Mapping all the centers of the blow-ups (pi to Y, we therefore 
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obtain at least 4 disjoint multi-sections of Y = P(E ) — > A. Comparing with (Si), we 
conclude that for a suitable choice of (Si) and after possibly substituting E by E®L, with 
L topologically trivial, we have either 

F = O © O 

with all the sections to be blown up in P(-Fo), or 

E = O® 3 . 

But the first case cannot occur: looking again at a fiber F4, we then would find 4 points 
in P 2 (to be blown up) on a line which is not possible since —Kp 4 is nef. So we have 

Y = P 2 x A. 

(E) Now our claim follows very easily: assume that we have done already j steps, i.e. we 
have blown up only sections of the form x\ x A. Then the result Wj-i is of the form 

Wj-x = P 2 (x 1 ,...,x j ) x A. 

Now suppose that g : Wj — ► Wj-i is the blow up of a point p = (pi,P2) £ Wj-i x A. 
Then let B = p\ x A. We see immediately that 

K w . ■ B > 0, 

contradicting the almost nefness of —K^r. . So g contracts a divisor to a curve C. Choose 
a generic smooth point p G C and define B as before. If C 7^ £?, the same computation as 
above yields a contradiction, hence C is as claimed. 

(F) Conclusively X — > Y is the blow-up of etale (multi-)sections so that (p : X — > X\ 
cannot be the blow-up of a rational curve. This finishes Case I. 

Case II 

This case is done partly in the same way, partly reduced to Case I. Note that — K z is nef, 
hence it is either a hyperelliptic surface, in which case we pass to an abelian 2-sheeted 
cover of Z so that we reduce to the case dim A = 2. Or [CP91] Z is a Pi— bundle over 
C, moreover Z = P(E) with a semi-stable rank 2- bundle E on A. After passing to a 
2 : 1— cover of A, the bundle E is flat. If ip : Y — ► Z is a Pi— bundle, it is given by 

Y = P(V) with a 2-bundle V on Z and it is clear that — K Y is nef since it is almost nef. 
Then we can proceed in the same way as in Case I. So suppose that if) is a proper conic 
bundle. By (1.8) —Ky is nef. Note that Y — ► A is a submersion since — Ky is nef. Then, 
using (0.4) we perform another base change to reduce our situation to Case I. 

This finishes the proof of the Main Theorem. 

The proof of the main theorem actually gives a more explicit description of the Albanese 
map. 
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3.4 Corollary Let X be a smooth projective threefold with —Kx nef. Let a : X — > A be 
the Albanese. 

(1) //dim A = 2, then X is a Pi— bundle over A. 

(2) //dim A = 1, then there exists a sequence of blow-ups <pi : Xi — > X i+ i,0 < i < r, 
with Xq = X and inducing maps cti : Xi — > A such that 

(a) all Xi are smooth, all —Kx i are nef, <p>i is the blow up of a smooth curve Ci and 
Ci is an etale multi-section o/a^+i; 

(b) the induced map a r+ i : X r+ i — > A is a P2 — bundle or a Pi x Pi— bundle or it 
factors as ho g with g : X r+ i — > Y a conic bundle and h : Y — > A is a Pi— bundle. 

3.5 Corollary Let X be a smooth projective threefold with —Kx nef. Let a : X — > A 
be the Albanese and assume dim X = 1. Then there exists a finite etale cover X — > X 
induced by a finite etale cover A — > A such that the following holds. There exists a finite 
sequence of blow-ups of sections over A, say X — > X\ — > ... — > X r+ i such that the 
induced map a r +i : X r+ i — > A is P2 — bundle or a Pi x Pi— bundle over A. In the 
first case X r+ i = P(E) with a semi-stable vector bundle of rank 3 on A. In the second 
case a r+ i is the contraction of an extremal ray (hence p(X r+ i) = 2) or a r+ i factorises as 
a r +i = g o f, where f : X r+ i — > S is a Pi — bundle and S = P(-F) with F a semi-stable 
rank 2 - bundle over A. 



4. The relative case 

In this section we want to consider the following situation. Let X be a smooth projective 
manifold of dimension n and Y a projective manifold, dimy > 1. Let ip : X — >■ Y be a 
surjective map. Assume that 

-K x \y = ^ x \y = w x ® V*{uy) 

is nef. What can one say about the structure of ipl Our previous situation of the last 
three sections is the special case when dim X = 3, Y is abelian and cp the Albanese. We 
shall fix the above notations for the entire section. Miyaoka has shown in [Mi93] that 
oo x ^ Y is never ample. His proof works for all ground fields, even not algebraically closed. 
For algebraically closed fields of characteristic the statement can be improved, the proof 
being much easier: 

4.1 Proposition Suppose oj x ]^ y nef. oj x ]^ y is not big, i.e. (<^3qr) n = 0- 

Proof. We proceed by induction on d = dimy. Suppose that oj x ^ y is nef and big. By 
Kawamata-Viehweg vanishing we obtain: 

= H\X, u x ] Y ® u x ) = H\X, <p*{lu y )). 
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The Leray spectral sequence yields 

H 1 (Y,u Y ) = 0, 
which gives a contradiction in case d = 1. 

Now suppose that the claim holds for values of dim Y smaller than d. Take a smooth very 
ample divisor Z C Y such that W := (p~ 1 (Z) is smooth. Then u/^| y |VF = oj^ z is nef, 

hence by induction u>w\z * s no ^ big- Hence 

But clearly k(lv x ^ y \W) = n — 1 for general choice of Z. This is a contradiction. 

As the referee pointes out, (4.19) remains true if — {K x + A) is nef as long as (X, A) is 
log terminal in the sense of Kawamata [KMM87] . 

4.2 Proposition Suppose that uj x ^ y ^ s ne f an d that the general fiber has Kodaira dimension 
k(F) > 0. Then k(F) = 0, ip is smooth and locally trivial andu^ Y is a torsion line bundle. 

Proof. Since — Kp = u)^ Y \F is nef and k(F) > 0, it follows that Kp is torsion. Choose a 

positive integer d such that dKp = Op. Then ip^(uj^ Y ) is of rank 1. Viehweg has shown 

that ip*{uj x \Y® d ) is weakly positive, see e.g. [Mo87] for definition and references. Since 
the natural injective map 

v^xv 9 *) — (<p*(" X \Y® d )y* 

is generically surjective, it turns out that 

is weakly positive, too [Mo87, 5. 1.1(b)]. But this last sheaf is invertible, and for invertible 
sheaves the notions of weak positivity and pseudoeffectivity are equivalent [Mo87,p.293]. 
Therefore (<P*(l<Jx\y))** is pseudoeffective, i.e. numerically equivalent to a limit of effective 
Q— divisors, and so does its pull-back to X. Via the generically surjective map 

^{^{oox\Y® d )r — wx|y® d , 
we conclude that u)x\Y® d is pseudoeffective. We claim that 

U X \Y = 0. 

In fact, take an ample divisor H on X. By pseudoeffectivity we have uj x \y ' FL n ~ x > 
while by our nefness assumption we get the reversed inequality. Hence uj x \y ' H n_1 = 
which easily implies our claim. By Corollary 1.2 in [Ka85] we deduce 

k(u X \y) > k(F) = 0. 
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Hence u> x \y is torsion. Finally Theorem 4.8 in [Fu78] shows that cp is smooth and locally 
trivial. 

Remark. The hypothesis k(F) > in (4.2) can be (formally) weakened to K F ■ H d > 
for some ample divisor H on F, dimF = d. In that case, keeping in mind that — K F is nef, 
we get Kp-H d = 0, which implies Kp = 0. Then Kawamata's result [Ka85,8.2] shows that 
k(F) = so that Kp is torsion. 

4.3 Proposition Let X be a terminal threefold and <p : X — > Y a surjective morphism 
to a normal projective Q—Gorenstein surface. Assume that —K x \y is ne f- Then dim{y e 
Y\X y is singular} < 0. 

Proof. Let C C Y be a general irrational hyperplane section. Then Xc '■= </? _1 (C) is 
smooth and — K Xc \c is ne f- Now apply the following proposition (4.4). 

4.4 Proposition Let f : S — > C be a surjective morphism from a smooth projective 
surface to a smooth non-rational curve. Assume that —(dKs\c + A) is nef for some 
rational number d > 1 and some effective reduced divisor A (possibly 0). Then f is smooth 
and locally trivial, the general fiber f has genus g(F) < 1 and one of the following cases 
occurs. 

(a) g(F) = 1, A = 0, and —Ks\c is a torsion line bundle 

(b) g(F) = 0, and every connected component Aj of A is a smooth curve, numerically 
equivalent to —rKs\c for some positive rational number r; moreover <p : Aj — ► C is etale. 

Observe the following special case. If / : S — >■ C is a Pi— bundle, then — K$\c is nef if 
and only if S = P(E) with E semi-stable or equivalently E® det 2 is nef. We shall explain 
this in more detail and in any dimension in (4.6). 

Proof. We shall proceed in several steps. From 

< -{dus/c + A)F< -dK s F 

we deduce that either K$F = and F is elliptic, or K$F < and F is rational. In the 
former case, we factor out / as a o tv where a : R — > C is a relatively minimal elliptic 
fibration and 7r : S — > R is a birational morphism. Since g(C) > 1 we get k(R) > 0, and 
thus x(Or) ^ 0- The canonical bundle formula yields 

t 

Ur/c = o-*(D) + ^(m, - l)Fi 

i=l 

where D is a divisor of degree equal to x(®r) ^ 0? an d miFi, . . . , mtF t stand for the 
multiple fibres of a. Hence u R /c is nef. We also have us/c = 7r *( w it/c) + E, for some 
effective divisor E. If L now stands for an ample divisor on S we get 

< -(doj s /c + A)L = -dn*(uj R/c )L - (dE + A)L< 0. 



33 



We conclude that A = 0, E = 0, / = a and uj S / c is numerically trivial. Proposition 4.2 
applies here, and yields part (i). 

From now on we shall assume that F is rational. 

Claim 1: If (3 : S — > R is the blow-down of a (— l)-curve F, and A' := /3(A) is the reduced 
image of A, then — (du R /c + A') is nef. 

The proof is just a computation. We write 

A = /T(A') -mF, m>0 
u S /c = P* {^r/c) + E . 

Then 

(*) -(dojs/c + A) = -/3* {du R /c + A') + (m-d)E 

and < — (rfcug + A) F = d — m . 

Let A' be any irreducible curve in R. Its strict transform is of the form A = f3*(A') — 
rE, r > 0. Thus 

< -(du s/c + A)A = -(du R/c + A')A' + r(m-d) 

< - (du R/c + A')A'. 

This finishes the proof of Claim (1). 

Now, let us assume for a moment that part (b) of the Proposition holds true for smooth 
maps /. Then, we are going to show that our / is actually smooth. Otherwise, some (— 1)- 
curve on S could be blown down to a point P G R by a map (3 : S — > R. From Claim 1 we 
know that — [du R /c + A') is nef. Since by a finite sequence of blow-downs we eventually 
reach a Pi-bundle, we may already assume that R — > C is a smooth map. In this case, 
since we are assuming that the Proposition is true for R, it follows that the multiplicity of 
A' at P is m = or 1, and so (m — d) 2 > 0. In view of (*) above we get 

(**) < (du s/c + A) 2 = (du R/c + A') 2 - (m - d) 2 . 

Our assumptions again imply that du R /c + A' is numerically equivalent to bu R /c, for 
some b G Q. Then, —uj r /q being nef combined with Propositon 4.1, yields uj r ^ c = 0, and 
so 

(du R/c + A') 2 = 0. 

This is in contradiction to (**). 

It only remains to prove the Proposition in the particular case when / is a Pi-bundle. 
Assume so in the sequel. We shall freely use notation and results from [Ha77], V. 2. 
Let C stand for a section of / : S — ► C with minimal self-intersection Cq = — e. The 
decomposition of A into irreducible components 

A = d + . . . + C r + Fi + . . . + F s + A * 
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is written in such a way that the C[s are exactly the components numerically equivalent to 
Co, Fi, . . . , F s are the fibres in A and the remaining components are Aj = ciiCo+biF , a^, bi 
integers. Since ivs/c = — 2Cq — eF we get 

du s/c + A = (r - 2d)C + (s - de)F + ^(a;C + b,F) . 

i 

From < ( — dug/c ~ A)C it follows 

(* * *) < (r — <i)e — s + ^(a^e — 6^) . 

i 

Let us consider the case e > first. Since C5 2 = — e < we get r = or 1, and so 
(r — d)e < 0. Furthermore a^e — 6j < for all i ([Ha77,V.2]), which contradicts (***). 
When e = we have bi > 0, and from (* * *) it follows 

< -s - b i < °- 

i 

Hence s and all b^s are 0. In particular, all components of A are numerically equivalent to 
a multiple of Co, and so is oj~^j c = 2Co, whence the claim. 

We shall finally deal with the case e < 0. Now bi > ciie/2 for all i. Since 

-vs/c = 2C + e F, -u>s/c 

is a limit of ample Q-divisors ([Ha77,V.2]), and thus it is nef. Note that ujg^ c = 0. 
Therefore 

< -{du S /c + A) ( - ujs/c) = Au) S /c = 
= re-2s + Y^ (<He ~ 2&i) < . 

i 

We conclude r = s = 0, a^e — 2bi = for all z, which yields the result. 

As for the fact that any component of A is mapping onto C without ramification, it 
just follows from Hurwitz formula, namely 

2s(A,) - 2 = (2</(C) - 2) A,F = degf*(K c )\ Ai ■ deg(Ai - C). 

Remark. Let X be a terminal variety of dimension n, Y a projective normal Q— Goren- 
stein variety of dimension n — 1 and </? : X — ► y a surjective map such that oj^ y is nef. 
Then 

dim{y G y|^ y is singular} < n — 2. 
In fact, this follows from (4.3) by taking n — 3 general hyperplane sections. 
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We are now going to study threefolds X admitting a map n : X — > C to a curve of 
genus at least 1 such that u>x]c * s ne ^ We s ^ art w hh a general statement, valid in every 
dimension and generalising [Mi87,3.1]. 

4.5 Proposition Let X be a n- dimensional projective manifold, tt : X — > C an extremal 
contraction to the smooth curve C. Let X be the class of uj x ]^ c in N 1 (X). Then the following 
statements are equivalent. 

( u x\c is ne f 

(2) the ample cone NA(X) is generated (as cone) by X and a fiber F ofrc, i.e. 

~NA{X) = R+A + R+F 

(3) NE(X) = R+A"" 1 + R+A n " 2 F 

(4) A n > and every effective divisor in X is nef. 

Proof. First note that A and F are clearly linearly independent in N 1 (X) and that more- 
over A n_1 and X n ~ 2 F are linearly independent in Ni(X). This statement holds because 

X n-1 F = (_^)n-l > whereas \n-2 F 2 = q 

(1) =>- (2) This is clear since p{X) = 2 and A is nef but not ample by (4.1). 

(2) =>- (3) One inclusion being obvious, we take an irreducible curve C C X. Write in 
N^X) : 

C = aX 71 ' 1 + bX n ~ 2 F. 

From A • C > and F ■ C > we deduce via X n = (4.2) and X n ~ 1 F > that a > 0, b > 0, 
from which our claim follows. 

Since both (2) and (3) clearly imply (1), all three statements are equivalent. 

(3) =>. (4) By (1) and (4.2) we have X n = 0. Let D be an effective divisor. By (3) it is 
sufficient to show 

(a) D • A"" 1 > 0, 

(b) D-X n ~ 2 F > 0. (a) is clear, since A is nef by (1). (b) holds because X n ~ 2 ■ D e ~NE(X), 
(again since A is nef) and since F is nef. 

(4) =>■ (1) We will show 

for large m. By Riemann-Roch we have 

This can be reformulated as follows 

x(-xTc) = ^ + 2(^T)T An_1 ( - K *) + °(" - 2 )- 
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We also take into account 

X n ~ 1 (-K x ) = X n + (20(C) - 2)A n_1 F. 

Since w^/c * s ^-ampl^ we have i2%*(a/^^) = for j > 1, m >> 0, and thus H q {u: x r J l c ) = 
Hi (tt^u-^) = for g > 2, m » 0. 
We therefore get: 

(a) If A n > 0, then h°(u~J c ) > 0, m » 0. Hence A is nef, so that A n = by (4.1), 
a contradiction. 

(b) If A n = 0, we can conclude as before if g(C) > 2. If C is elliptic, nothing can 
be concluded. We set b = inf {/? G R|A + /3F is nef}. If 6 < 0, then A is nef, 
so assume 6 > 0. Write L = A + bF then. If L n > then (L - eF) n > for 
e > small enough, so that r(L — eF) is effective if r >> 0, hence nef against 
the choice of L. Hence L n = 0. On the other hand L n = X n + nb\ n ~ 1 F, so that 
6 = 0, contradiction. 

(4.6) Remark We expect that the condition A n > in (4.5(4)) can be omitted. In case 
X is a P n _ibundle over C, this is easily verified as follows. Write X = ~P(E) with a rank 
n — 1— bundle E on C. Then A is nef if and only if E is semi-stable. Now we prove that 
in case E is instable, then not every effective divisor in X is nef. Normalise E such that 
H°(E) ^ but H°(E ® L) = for every line bundle L on C of negative degree. Since E 
is instable, E is not nef. Let s G H°(E), s ^ 0. Let D C X be the associated divisor in 
Cp(s)(l)- Then D is not nef, since Ox(D) ~ Op^^l), which is not nef. 

4.7 Proposition Let X be a smooth projective threefold, n : X — > C a surjective map 
to the curve C of genus g > 1. Assume oo^ c to be nef. Assume furthermore that there 
exists a conic bundle tp : X — > S and a map f : S — ► C such that n = f o <p. Then it is 
smooth. 

Proof. Let A C S denote the discriminant locus of (p. For any curve B C S we known 
that 

to x/c ■ <p-\B) = -(4w s/c + A)B 

([Mi83], p. 96), so that -(4w S /c + A ) is n ef- 

If A = then ip is a Pi-bundle and oj^j c is nef. Hence / is smooth and 7r, being 
a composite of smooth maps, is also smooth. Suppose A ^ 0. By (4.4), A is a (possibly 
reducible) smooth curve, all of whose components map surjectively onto C. The morphism 
7r can only fail to be smooth at points lying on </? -1 (A). In order to see that this will never 
happen, take any point P G A. Since A is smooth at P, (p~ x (P) is a pair of distinct lines 
meeting at Q ([Be77], 1.2). n is smooth at every point of p~ 1 (P) different from Q. Let us 
see that % is smooth at Q too. We take a small analytic neighbourhood U C S of P with 
local parameters (s,t) such that P = (0, 0), A is locally defined by s = and / becomes 
the projection (s,i) — >■ s. We can consider </? _1 (t/") as the hypersurface in U x P 2 given 
by an equation 

(*) 4y(M)*i*j = 

0<i<j<2 
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where (X : X\ : X 2 ) are the homogeneous coordinates of P2, and the A[ s are analytic 
functions (see [Be77]). We can also arrange things such that ip~ 1 (P) is given by the 
equation X\ + X 2 = 0, so that Q is (1:0:0) in {P} x P 2 . We introduce affine coordinates 
X\ = Xi/Xq, x 2 = X 2 /X and transform (*) into 

(**) A 00 (s,t) + A 01 (s,t)xi + A 02 (s,t)x 2 + ^2 Aij(s,t)xiXj = 0, 

i<*<i<2 

Since (**) becomes x\ + x\ = for s = t = 0, we obtain 

An (0, 0) = A 22 (0, 0) = 1 , and A %3 (0, 0) = otherwise . 

The series expansion of Aij(s,t) around (0,0) thus becomes for i = 1,2 : Au(s,t) = 
1 + (das + but)+ (terms of degree > 2 in s,t), otherwise: Aij(s,t) = a^s + bijt+ (terms 
of degree > 2 in s, t). 

Since A is the discriminant locus of (p we get that det Aij(s, t) = if and only if s = 0. 
Therefore, det Aij(s,t) = s ■ F(s,t) for some analytic function F. Since the linear term of 
det Aij(s,t) is cioos + boot we deduce 600 = 0. On the other hand, the linear term of (**) in 
all four variables s,t, x\,x 2 is cioos + boot. Hence, X being smooth at Q implies aoo 7^ 0. 

Finally, the fibre of n over s = is 

G(s,x 1 ,x 2 )=A 00 (0,t)+Aoi(0,t)x 1 + Ao 2 (0,t)x 2 + A ij (0,t)x i x J = 

1<«<J<2 

Since ^-(Q) = aoo 7^ 0, we finally conclude that 7r _1 (0) is non-singular at Q, as claimed. 

In general we have the following conjecture for the relative situation, some special cases of 
which we shall prove. 

4.8 Conjecture Let 7r : X — > C be a surjective morphism from the smooth projective 
threefold X to the smooth curve C of genus > 1. Assume that uj]q C is nef and that the 
general fiber of tv has Kodaira dimension —00. Then tt is a submersion. More precisely, 
there exists a sequence 

(4.8.1) X = X ^ X x ^ X 2 — ... ^ X r 

of birational morphisms over C, each <pi being the blow-up of a smooth curve Ci C Xi 
which map without ramification to C, such that all oj^}^ c are nef and the resulting map 
/ : X r — > C is 

(1) either a smooth Mori fibration, the fibers being del Pezzo surfaces (so that in particular 

p(X r ) = 2) or 

(2) / factors as X r S C, with h a (Mori) conic bundle and g a Pi— bundle (hence 
p(X r ) = 3.) 
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In case (2), — (4w s \c + A) is nef by (4.7), and the ramification A of h is described in 
(4.4). Note that in case g(C) = 1 the conjecture is an immediate consequence of our Main 
Theorem (and its corollaries). In case 7r is the Albanese map, we have proved (4.8) in 
(3.4). It turns out that, after suitable finite etale base change, the structure in the above 
conjecture can be made quite simple (cp. (3.5)): 

4.9 Proposition Assume Conjecture (4-8) holds. Then after a suitable etale base change 
B — > C the induced submersion 

a : X' = X x c B — > B 

has the following structure. 
There exists a sequence 

A — A > Aj > A 2 ► . . . > A r 

with the same properties as in (4-8) and f : X' r — > B belongs to one of the following 
cases. 

(1) Either p(X' r ) = 2 and f is a Pi x Pi — bundle or a P2 — bundle (in the latter case 
X' r = P(E) with a semistable rank 3-bundle E over B) or 

(2) p(X' r ) = 3 and f factors as 

X' r S' X B 

where both h and g are P 'i — bundles and moreover S' = P(F) with F a semistable rank 
2-bundle on B. 

The proof of (4.9) is again an application of (0.4) and just the same of corollary (3.5) which 
is contained in the proof of the Main Theorem. For the semi-stability of the bundles in 
question apply [Mi87,3.1]. 

(4.10) Let X be a smooth projective threefold and 7r : X — ► C a surjective morphism to 
the smooth curve C of positive genus. In order to prove Conjecture 4.8 we need to inves- 
tigate birational extremal contractions (p : X — > W. As in (3.2) above and [DPS93,p.234] 
we see that <p is the blow-up of a smooth curve Cq C W. Since g(C) > 0, we have a 
factorisation tv = a o ip with a map a : W — ► C. In this situation we can state 

4.11 Proposition Assume oj^ c nef. Let S be the general fiber of n and assume either 
K\ > or dimcr(Co) = 1. Then a\C : C — > C is etale. 

Proof. Let E denote the exceptional divisor of ip and let F be a (general) fiber of E\Cq. 
Set 

9 = g(C ), 7 = g(C), d = deg(C — ^ C). 
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Here d = iff dim a (Co) = 0. Following [DPS93, p. 234-235] we write for numerical equiva- 
lence 

-K X \ E = d + 6F, iV S | X = -d + jt/F. 

Then 

uj x \c\E = -d - (6 + d(2 7 - 2))F. 
We know by (4.1) that u x \ c = uj x ^ c = 0. Thus 

= (v*(u w \ C )f = (-E) 3 = -3(oj x]c ) 2 \E + 3(uj xic \E ■ (E\E) - (E\E) 2 

(1) =e-36-6d(7-l)-A», 
where e = -C\. Moreover (**) of [DPS93,p.235] gives 

(2) e-b-2(g- 1) + /i = 0. 
Since c^|c * s ne ^ we have 

oo-] c • d > 0, W -f c 2 • £? > 0, 

which translate into 

(3) e-6-2d(7-l) < 
and 

(4) e - 26 - 4d( 7 - 1) < 0. 
The nefness of w X \ C also yields 

> uj X \c ■ Co = p*(uj W \c) ■ d = (^x|c - £) • d = -6 - 2^(7 - 1) - /j, 
and therefore 

(5) 6 + ^ + 2^(7-1) > 0. 
Note that by (1) 

= e - 26 - 4rf(7 - 1) - (6 + n + 2d(-f - 1)) < e - 26 - 4rf( 7 - 1) < 0. 

The first and second inequality are due to (5) and (4), respectively. Hence (4) and (5) are 
just equalities: 

e - 26 - 4rf( 7 - 1) = 
6 + ^ + 2^(7-1) =0. 
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We first deal with the case d > 0. Note that g — 1 > ^(7 — 1). Adding up (1) and (3) we 
get 

= 2e - 46 - 6d(7 - 1) - 2(g - 1) < 2e - 46 - 8^(7 - 1). 

Then 

1 

6 + 2d(7- 1) < -e. 
On the other hand we obtain from u>3cjc • Co that 

6+2d(7- 1) > \e 

resp. 

6+2d( 7 -l)>, 

if e > 0. We thus conclude 

b + 2d( 7 - 1) = -e < and g - 1 = ^(7 - 1). 
This implies that Co — > C is etale of degree d. 

Now suppose d = 0. Then we have > by assumption. Combining (2), (6) and (7) we 
deduce g = 1 and b = |. Then (3) yields e < 0, thus e = or —1. But — 1 = e = 26 is 
absurd. Hence 

(8). e = b = // = 0,0 = 1. 

On the other hand -E is contained in some fiber £ of 7r, hence, taking into account (6), we 
derive 

(u-\ c + S) 2 E={u-\ c ) 2 E = Q. 
Now the nef divisor cu^qc* + S is also big thanks to the assumption Kg > 0. Furthermore 

(u~] c + S)E 2 = (-K X )E 2 = d ■ (-Ci) = e = 0, 
in view of (8). Then the following proposition gives 

= ( U ^] c + S)\E = d 
which is absurd. This concludes the proof. 

4.12 Proposition Let X be a projective manifold of dimension n. Let D be a nef and 

big divisor on X and E a divisor with D n ~ x ■ E = 0. Then D n ~ 2 ■ E 2 < 0, with equality 
holding if and only if D n ~ 2 ■ E = 0. 

Proof. [Lu90]. 
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We now turn to the case of mappings to surfaces. 

4.13 Conjecture Let X be a smooth threefold, S a smooth surface and tc : X — > S a 
surjective map with connected fibers. If oj x ^ s is nef, then tc is smooth. 

Note that if uj x 1 is ne f> then tc may very well be non-smooth, e.g. there are Fano threefolds 
which are conic bundles with non zero discriminant ove P2. But observe that "— Kx\s ne f" 
is a somehow stronger condition than the nefness of —Kx if k(S) = —00. 

The general fiber of tc is either elliptic or a rational. In the former case the conjecture 
follows from 4.2. So we shall assume from now on that it is rational. In case S is abelian, 

4.13 is our Main Theorem. If C is a general hyperplane section of S and Xc = 7r _1 (C), 
then ^ x l c \c = ^xlcl^c * s ne ^' an< ^ therefore tc is smooth over C. Hence tc can fail to be 
smooth only over finitely many points of Y. 

The following is a straightforward consequence of (4.13). 

4.14 Proposition Let tc : X — ► Y be a surjective morphism between projective manifolds 
with dim X = dim!" + 1. Let B C Y be the set points over which tc fails to be smooth. Let 
u x\y ^ s ne f- V Conjecture (4-13) holds, then codimyS > 3. 

4.15 Proposition In order to prove Conjecture 4-13, we may assume that S contains no 
rational curve and that H 1 ^, Os) 7^ 0. 

Proof. Let B <zY he the set of point over which tc is not smooth. Take a Lefschetz pencil 
A of hyperplane sections on S such B is disjoint from the base locus. Take a sequence of 
blow-ups, say j3i : R\ — >■ S to make the map associated to A base point free. We obtain 
a map / : Ri — >■ Pi with reduced fibers. Choose any smooth hyperplane section C of Ri 
of positive genus, not passing through the singular fibers of /, nor through any point of 
Pi 1 (B). We arrange things that C — > Pi is unramified where R\ — > Pi is not smooth. 
Then 

R2 = C xp 1 Ri 

is a smooth surface which is mapped onto C, so that R2 contains at most a finite number 
of rational curves. The next step will be to choose a hyperplane section D and a smooth 
curve H e \nD\, which skips the singular points of all rational curves in R 2 and also 
avoids all points lying over B. Let _R 3 — > R 2 be the n— cyclic cover determined by H. The 
rational curves in R 2 become irrational when lifted to R3, since n ^> 0. Hence R3 contains 
no rational curves. 

Let Pi : Ri — >■ Ri-\ the canonical map, Xi Ri the base change with associated maps 
OLi : Xi — > Xi_\. Here we denote X = X and n = ic\. If j3\ is the blow-up of S at 
B = {Pi, ...,P r }, and if the Ei are the corresponding exceptional divisors in Ri, then oji 
is the blow-up of X at 7r*(£'i), . . . , 7r*(E r ). Since 
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and 



we get <^Xi|i?i = a *( u x\s^ wn i cn is ne f- From the fact that C — > Pi is branched away 
from the singular points of R\ — ► Pi, we obtain 

UR 2 \C = /^(^flilPi) 

and 

^x 2 \c = a* 2 (uj XllPl ). 

We conclude that ^> X ^ R2 ) = a *( 0J x l\R 1 i hence ^ x l\R 2 * s ne ^' as * s a ^^cyclic cover 

totally ramified at ir*(H) and determined by ir*(H) ~ nir*(D). From e.g. [BPV84,p.42] 
we derive 

K R3 =(3*(K R2 + (n-l)D) 

and 

K Xz =a* 3 {K X2 + {n-l)7r*(D)). 

Hence (^ X ^ R3 = a 3( u x l\R 2 ) ^ s ne f- By construction the map X 3 — > X is etale over the 
singular fibers of tt. If therefore we can show that 1T3 is smooth, then it is smooth, too. 

(4.16) In view of the preceding result, we can restrict ourselves to the following situation. 
X is a smooth projective threefold, 5" a smooth surface without rational curves and such 
that q(S) > 0. Let n : X — > S be surjective with connected fibers. Assume that the 
general fiber is rational. 

Since K x is not nef, there exists an extremal contraction <p : X — ► W. We are going to 
investigate the structure of it. 

4.17 Proposition In the situation of (4-16) assume d\m.W < 2. Then W = S,(p = n and 
tv is a Pi — bundle. 

Proof. Since S does not contain rational curves, it is clear that dim W = 2 and that there 
is a map a : W — > S such that n = a o ip. Since the fibers of 7r are connected, a must be 
birational, i.e. a sequence of blow-ups. Let E be the exceptional divisor of a and A the 
discriminant locus of the conic bundle cp. Then an easy calculation shows (cp. 1.6, 1.7) 

< oJ x \ s ■ ip*(C) = -(A + AE)C. 

Hence A = E = and the claim follows. 

It remains to treat the case that cp is birational. Let E be the exceptional divisor. 

4.18 Proposition dimcp(E) = 1. 

Proof. Assume dim.cp(E) = 0. Similar as in [DPS93,3.3] we see that oj^\s ^ s °ig and nef. 
This contradicts (4.1). 
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So ip is the blow-up of a smooth curve Cq. Since S does not contain rational curves, we 



is also nef and big for a ^> 0. Therefore mL is generated by global sections for largem by 
the base point free theorem. Let D e \mL\ be a general smooth and irreducible element. 
Let A = D C\ E. We may assume A smooth and irreducible. Let / = n\D : D — ► S. Then 
/ is generically finite and by (1) A is contracted by /. Therefore (A 2 ) D < 0. On the other 
hand, 

> (A 2 ) R = E 2 -mL = mE\E ■ L\E = mE\E ■ {-K X )\E. 
In the notations of the proof of (4.11) we obtain the following inequality 

> m(-d + nF){d + bF) = m (e + n-b) = 2m(g - 1), 

where g is the genus of Cq. Consequently g = 0. 

4.20 Proposition Suppose we know the following 

(*) Let Z be a smooth projective threefold having a surjective morphism f : Z — > Y to 
a smooth surface Y having no rational curve. Assume q(S) > 0. and that —K z \y ne f- If 
g : Z — ► Z' is a birational extremal contraction, then —K z >\y is again nef. 

Then in our situation tt : X — > S is a submersion and in particular ip cannot exist. 
Proof. In view of (4.16) we have a birational contraction ip : X — ► W contracting 



the divisor E to the curve Co C W. Moreover there is nef via the induced map 

a : W — > S. Again we shall use the notations of the proof of (4.11). In the same way as 
(4.11(1)) we get 



obtain again a factorisation n = a o <p, with a : W 



S. 




aL- K x = (a + 1)ojJ s + n*(aH - K s ) 



(1) 



e — 36 — jJL = 0. 



Since C is rational, (**) of [DPS93,p.235] gives 



(2) 



e - b + v = -2. 



Adding up (1) and (2) gives 



(3) 



e-2b= -1. 
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Since u x \c\E = {—Kx)\E = C\ + bF is nef, we obtain b > e. Combining with (3) 
yields e = 1, hence b = 1, \x = —2. In view of our hypothesis we can apply this procedure 
inductively finitely many times until we reach the situation where no birational contraction 
is possible on W. From (4.17) it follows that a : W — > S is a Pi— bundle. Since then Cq 
is contracted to a point by a, it is a fiber of a and thus Nq \w = O ® O. This contradicts 
e = 1. 

The condition (*) is "mostly" satisfied as we explain in the next two propositions which 
are proved with the same type of arguments as Propositions (3.3) and (3.5) in [DPS93], 
respectively: 

4.21 Proposition Let X be a smooth projective threefold and let tt : X — * Y be a surjective 
morphism with connected fibres, where Y is either a smooth curve of genus > 1 or a smooth 
irregular surface containing no rational curve. Suppose the general fibre of % has Kodaira 
dimension — oo. Let <p : X — > W be the blow-up of a smooth curve Co C W. We always 
have a factorization n = aoip, where a : W — > C. Now assume that oj^ y is not nef. Then 
Co — Pi, o~(Co) is a point and one of the following cases occurs: 

(A) N Co/w = 0{-2) © 0(-2), and K w ■ C = 2 

(B) N Co/w = O(-l) © 0(-2), and K w ■ C = 1. 

4.22 Proposition Case B above is impossible. 

Proof of (4-22). We proceed exactly as in Proposition (3.5) in [DPS93], replacing every- 
where Kx, Kw by ujx/y ■> ^w/y, etc. At the end we obtain a threefold Z with one terminal 
singularity such that the Q-divisor oj~^ y is big and nef. Now we apply [KMM87, 1.2.5, 

1.2.6] with A = 0,D = f*K Y , where / : Z -> Y. It follows that H X (Z, f*K Y ) = 0. The 
Leray spectral sequence yields H X (Y, K Y ) = 0, which contradicts our hypothesis. 
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